Entropy relations and the application of black holes with cosmological
  constant and Gauss-Bonnet term by Xu, Wei et al.
ar
X
iv
:1
50
1.
03
55
6v
2 
 [g
r-q
c] 
 3 
Fe
b 2
01
5
Entropy relations and the application of black holes
with cosmological constant and Gauss-Bonnet term
Wei Xu1∗, Jia Wang2†and Xin-he Meng2,3‡
1School of Physics, Huazhong University of Science and Technology,
Wuhan 430074, China
2School of Physics, Nankai University, Tianjin 300071, China
3 State Key Laboratory of ITP, ITP-CAS, Beijing 100190, China
Abstract
Based on the entropy relations, we derive thermodynamic bound for entropy and
area of horizons of Schwarzschild-dS black hole, including the event horizon, Cauchy
horizon and negative horizon (i.e. the horizon with negative value), which are all geo-
metrical bound and made up of the cosmological radius. Consider the first derivative
of entropy relations together, we get the first law of thermodynamics for all horizons.
We also obtain the Smarr relation of horizons by using the scaling discussion. For
thermodynamics of all horizons, the cosmological constant is treated as a thermo-
dynamical variable. Especially for thermodynamics of negative horizon, it is defined
well in the r < 0 side of spacetime. The validity of this formula seems to work well
for three-horizons black holes. We also generalize the discussion to thermodynamics
for event horizon and Cauchy horizon of Gauss-Bonnet charged flat black holes, as
the Gauss-Bonnet coupling constant is also considered as thermodynamical variable.
These give further clue on the crucial role that the entropy relations of multi-horizons
play in black hole thermodynamics and understanding the entropy at the microscopic
level.
PACS: 05.70.-a, 04.70.Dy, 04.20.-q, 04.50.Kd
Keywords: (A)dS black hole; Thermodynamic relation; Thermodynamic bound;
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1 Introduction
In order to understand the black hole entropy at the microscopic level, the entropy product
of multi-horizons black holes were studied widely in a lot literatures [1–24]. The entropy
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product is always independent on the mass of black holes, which is universal for many
charged and rotating black holes [1–13], black rings and black strings [14]. Actually, the
entropy product, in conjunction with Cauchy horizon thermodynamics, can be used to
determine whether the corresponding Bekenstein-Hawking entropy can be written as a
Cardy formula, hence providing some evidence for a CFT description of the corresponding
microstates [14, 15]. This makes it important to study the thermodynamics of Cauchy
horizon.
On the other hand, the mass-independence of entropy product fails for some multi-
horizons black holes [15–19]. Hence, the entropy sum [12, 13, 16, 20, 23] and other thermo-
dynamic relations [16,17,20–22,24] are introduced, which also have mass-independence for
some cases and seem to be universal as well. Especially for the relation T+S+ = T−S−,
which were linked closely with the mass-independence of entropy product. It was also
understood well and physically by the holographic description, i.e. the thermodynamic
method of black hole/CFT (BH/CFT) correspondence [7,25–30]. The thermodynamic re-
lations T+S+ = T−S− may be taken as the criterion whether there is a 2 dimensional CFT
dual for the black holes in the Einstein gravity and other diffeomorphism invariant gravity
theories [7, 25–30]. Besides, It is found that the thermodynamic relation T+S+ = T−S− is
equivalent to the central charge being the same (i.e. cR = cL) for some two-horizons black
holes. However, the interpretation of other thermodynamic relations are not clear. The aim
of this work focuses on entropy relations and the application in black hole thermodynamics.
In this paper, based on the entropy relations, we derive thermodynamic bound for
entropy and area of horizons of Schwarzschild-dS black hole, including the event horizon,
Cauchy horizon and negative horizon, which are all geometrical bound and made up of the
cosmological radius. Consider the first derivative of entropy relations together, we get the
first law of thermodynamics for all horizons. We also obtain the Smarr relation of horizons
by using the scaling discussion. For thermodynamics of all horizons, the cosmological
constant is treated as a thermodynamical variable [31–38]). Especially for thermodynamics
of negative horizon, it is also defined well in the negative side (r < 0). Actually, for black
hole solution, there is a singularity, for example located in r = 0, we always choose the
r > 0 side and the existence of black hole horizons avoids the bare singularity. This
makes thermodynamics of positive horizons defined well. Actually, thermodynamics of the
event horizon [4, 7, 9, 10, 15, 18, 21, 24–28, 30], Cauchy horizon [4, 7, 9, 10, 14, 15, 18, 21, 22,
24–28, 30] and cosmological horizon [39–42] are studied widely. For the negative horizon,
one can choose the r < 0 side, and the existence of negative horizons also avoids the bare
singularity. On the other hand, it is found that the mass-independence of entropy relations
may always hold only when the effect of negative horizon are considered [12,13,16,17,20,23,
24]. This makes it also interesting to study the thermodynamics of negative horizon, even it
remains unclear what quantum mechanical degrees of freedom the entropy of the negative
horizon count (Note that of the Cauchy horizon is not clear as well). The validity of this
formula seems to work well for three-horizons black holes. We also generalize the discussion
to thermodynamics for event horizon and Cauchy horizon of Gauss-Bonnet charged flat
black holes, as the Gauss-Bonnet coupling constant is also considered as thermodynamical
variable [35–38,43,44]). These give further clue on the crucial role that the entropy relations
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of multi-horizons play in black hole thermodynamics and understanding the entropy at the
microscopic level.
This paper is organized as follows. In the next Section, we will investigate the entropy
relations and the application of Schwarzschild-dS black hole. In Section 3, the entropy
relations and the application of Gauss-Bonnet charged flat black hole are presented. Section
4 is devoted to the conclusions and discussions.
2 Entropy relations and the application of Schwarzschild-
dS black hole
In this section, we firstly consider the entropy relations and the application of four dimen-
sional Schwarzschild-dS black hole, which is the simplest example for multi-horizons (A)dS
black hole and has the line element
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2
(
dθ2 + sin2 dϕ2
)
, (2.1)
with the horizon function
f(r) = 1− 2M
r
− Λr
2
3
, (2.2)
where M represents the mass of the black hole and Λ = 1
ℓ2
is the cosmological constant.
From the roots of horizon function f(r), we can get three black hole horizons [17]
rE = 2ℓ sin
(
1
3
arcsin
(
3M
ℓ
))
rC = 2ℓ sin
(
1
3
arcsin
(
3M
ℓ
)
+
2π
3
)
rN = 2ℓ sin
(
1
3
arcsin
(
3M
ℓ
)
− 2π
3
)
,
where rE , rC and rN denote the event horizon, cosmological horizon and negative horizon,
respectively. Note that rN is negative and named as “virtual” horizon [17]. Besides, as we
focus on the black hole with multi-horizons, we will only consider the case with
3M
ℓ
≤ 1, (2.3)
which can be seen as the existence condition of multi-horizons black holes. The entropy of
each horizon are
Si =
Ai
4
= πr2i , (i = E,C,N). (2.4)
3
The temperature of event horizon and negative horizon are
Ti =
f ′(ri)
4π
=
ℓ2 − r2i
4πℓ2ri
, (i = E,N). (2.5)
while the Hawking temperature of cosmological horizon is always chosen as the positive
one [7]
TC = −TE |rE↔ rC =
r2C − ℓ2
4πℓ2rC
, (2.6)
where f ′(r) denotes the derivative function of f(r) respect to r.
We firstly revisit the thermodynamic relations. For example, the mass-dependence
entropy product is [17]
SESCSN =
36π3M2
Λ2
= 36π3M2ℓ4; (2.7)
the mass-independence “part” entropy product is [16]
SESC + SESN + SCSN =
9π2
Λ2
= 9π2ℓ4; (2.8)
entropy sum is [12, 16]
SE + SC + SN =
6π
Λ
= 6πℓ2; (2.9)
and the mass-independent entropy relations of two positive horizons is [16, 17]
SE + SC +
√
SESC = 3πℓ
2. (2.10)
Based on these entropy relations, we can obtain the thermodynamic bound for Schwarzschild-
dS black hole. As 0 ≤ rE ≤ rC ≤ |rN | ≤ 2ℓ, we get 0 ≤ SE ≤ SC ≤ SN ≤ 4πℓ2. Thus,
from thermodynamic relation Eq.(2.10), we get
0 ≤ 3SE ≤ (SE + SC +
√
SESC) = 3πℓ
2 ≤ 3SC,
and
0 ≤ SC ≤ 3πℓ2,
which together give
0 ≤ SE ≤ πℓ2 ≤ SC ≤ 3πℓ2.
Meanwhile, thermodynamic relation Eq.(2.10) also leads to 0 ≤ (SC + SE) ≤ 3πℓ2; hence,
from the entropy sum Eq.(2.9), we find
SN ≥ 3πℓ2.
4
Totally, we obtain the entropy bound of the event horizon, the cosmological horizon and
the negative horizon
SE ∈
[
0, πℓ2
]
, SC ∈
[
πℓ2, 3πℓ2
]
, SN ∈
[
3πℓ2, 4πℓ2
]
. (2.11)
Besides, the area entropy leads to the area bound√
AE
16π
∈
[
0,
ℓ
2
]
,
√
AC
16π
∈
[
ℓ
2
,
√
3
4
ℓ
]
,
√
AN
16π
∈
[√
3
4
ℓ, ℓ
]
, (2.12)
which are all geometrical bounds of black hole horizons, as parameter ℓ is actually the
cosmological radius.
On the other hand, we can get the first law of thermodynamics from these thermody-
namic relations. Actually, thermodynamics of (A)dS black holes are still open questions.
An interesting idea is treating the cosmological constant as a thermodynamical variable
(see, e.g. [31–38]). Hence, consider the first derivative of thermodynamic relations Eq.(2.7,
2.8, 2.9), one can find
SCSNdSE + SESCdSN + SNSEdSC = 72π
3
(
M
Λ2
dM − M
2
Λ3
dΛ
)
,
(SCdSE + SEdSC) + (SCdSN + SNdSC) + (SEdSN + SNdSE) = −18π
2
Λ3
dΛ,
dSE + dSC + dSN = −6π
Λ2
dΛ.
These lead to
dSE = − 72π
3M
(SE − SN )(SC − SE)Λ2dM +
6π(12π2M2 − 3π SE + ΛS2E)
(SE − SN)(SC − SE)Λ3 dΛ,
dSC =
72π3M
(SC − SN)(SC − SE)Λ2dM −
6π(12π2M2 − 3π SC + ΛS2C)
(SC − SN)(SC − SE)Λ3 dΛ,
dSN =
72π3M
(SE − SN)(SC − SN)Λ2dM −
6π(12π2M2 − 3π SN + ΛS2N)
(SE − SN )(SC − SN )Λ3 dΛ.
or equivalently
dM =
Λ2(SE − SN)(SE − SC)
72π3M
dSE +
(12π2M2 − 3π SE + ΛS2E)
12π2MΛ
dΛ,
dM = −Λ
2(SC − SN)(SE − SC)
72π3M
dSC +
(12π2M2 − 3π SC + ΛS2C)
12π2MΛ
dΛ,
dM =
Λ2(SC − SN )(SE − SN)
72π3M
dSN +
(12π2M2 − 3π SN + ΛS2N)
12π2MΛ
dΛ.
Consider the Hawking temperature (2.5,2.6), we get the first law of thermodynamics for
event horizon, cosmological horizon and negative horizon of Schwarzschild-dS black hole
dM = + TEdSE + VEdΛ, (2.13)
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dM = −TCdSC + VCdΛ, (2.14)
dM = −TNdSN + VNdΛ. (2.15)
where the thermodynamic potential conjugate to Λ is defined to be
Vi =
(
∂M
∂Λ
)
Si
= −r
3
i
6
=
(12π2M2 − 3π Si + ΛS2i )
12π2MΛ
, (i = E,C,N). (2.16)
Furthermore, the Smarr relation for horizons can be found by scaling arguments. The
mass can be viewed as a homogeneous function of the thermodynamical variables Si and
Λ, i.e. M = M(Si,Λ). From the horizon function Eq.(2.2), one can find that mass M
scales as [length]1 and Λ scales as [length]−2. The area entropy Eq.(2.4) shows that Si
scales as [length]2. Then after a rescaling of the thermodynamical variables, we can get
λ1M =M(λ2Si, λ
2Λ). Taking the first derivative with respect to λ and then setting λ = 1,
we get the Smarr relation for the event horizon and negative horizon
M = 2
(
TESE + VEΛ
)
, (2.17)
M = 2
(
TNSN + VNΛ
)
. (2.18)
Note we choose the positive temperature Eq.(2.6), other than the origin negative (opposite)
one, thus the Smarr relation for the cosmological horizon of Schwarzschild-dS black hole is
M = 2
(
− TCSC + VCΛ
)
. (2.19)
Finally, we obtain the first law of thermodynamics Eq.(2.13, 2.14, 2.15) and Smarr relation
Eq.(2.17, 2.19, 2.18) for the event horizon, the cosmological horizon and negative horizon
of Schwarzschild-dS black hole.
For Schwarzschild-dS black hole with 3M
ℓ
> 1, one can only find one real root of f(r)
which is the event horizon and the other two are complex. This case is out of our discussion
for the reason that we study the thermodynamic laws of horizons in this paper, while the
thermodynamics of complex horizon are not defined well. On the other hand, the four
dimensional uncharged black hole in f(R) gravity [18] has the same line element Eq.(2.1)
with different metric function f(r) = 1− 2µ
r
− R0
12
r2, where R = R0 is the constant curvature
of the static, spherically symmetric solution. Hence, following the same procedure, we can
obtain similar thermodynamic relations, thermodynamic bound of entropy and area, first
law of thermodynamics and Smarr relations, with the cosmological constant being Λf =
R0
4
and the cosmological radius being ℓf =
2√
R0
. Actually, one can always expect to follow
the similar procedure to get these results of other black holes with three horizons; for
example, four dimensional charged static black holes in Einstein-Weyl theory [3] and five
dimensional charged (A)dS black holes in the Gauss-Bonnet gravity [18].
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3 Entropy relations and the application of A Gauss-
Bonnet black hole example
In this section, we introduce a Gauss-Bonnet black hole example to study further the
thermodynamic relations and the application. However, we will only consider the positive
horizons for this case, which had attracted much attentions [4,7,9,10,14,15,18,21,22,24–
28,30], without the negative ones. We consider the five dimensional charged asymptotically
flat solutions. We take the action to be
S =
1
16πG
∫
d5x
√−g(L0 + L1 + LGB) +
∫
d5x
√−gLmatter,
where
L0 = −2Λ = 0, L1 = R, Lmatter = 1
2
FµνF
µν ,
LGB = α(RµνλρRµνλρ − 4RµνRµν +R2)
Here we have chosen the vanishing cosmological constant and rescaled the Gauss-Bonnet
coupling constant α˜ in the following discussion by
α˜ = (d− 3)(d− 4)α = 2α.
The static and charged black hole solution has the form [45–49]
ds2 = −V (r)dt2 + dr
2
V (r)
+ r2dΩ23, F =
q
4π r3
dt ∧ dr,
where dΩ23 is the maximally symmetric space in 3-dimensions and the metric function is
V (r) = 1 +
r2
2α˜
[
1−
√
1 + 4α˜
(
2µ
r4
− q
2
r6
)]
. (3.1)
The event horizon rE and Cauchy horizon rC are located in the roots of the metric function
V (r)
r2E =
1
2
(2µ− α˜) + 1
2
√
(2µ− α˜)2 − 4q2, (3.2)
r2C =
1
2
(2µ− α˜)− 1
2
√
(2µ− α˜)2 − 4q2. (3.3)
Note we will only consider the positive horizons in what follows. We introduce some useful
relations: rErC = q, rE+rC =
√
2µ− α˜+ 2q, r2E+r2C = 2µ− α˜. The temperatures, electric
potentials, areas and entropies for horizons are given by
TE =
r2E − r2C
2π rE(2α˜+ r
2
E)
, TC =
r2E − r2C
2π rC(2α˜+ r
2
C)
(3.4)
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ΦE = 2
(
π
4
)1/3
Q
r2E
, ΦC = 2
(
π
4
)1/3
Q
r2C
(3.5)
AE = 2π
2r3E, AC = 2π
2r3C (3.6)
SE =
π2r3E
2
(
1 +
6α˜
r2E
)
, SC =
π2r3C
2
(
1 +
6α˜
r2C
)
, (3.7)
where the ADM mass M and the electric charge Q of the solution are given by
M =
3πµ
4
, Q =
(π
4
)2/3
q. (3.8)
We can find the entropy product [18] and entropy sum
SESC = 4π
2
(
1 +
12α˜µ
q2
+
30α˜2
q2
)
Q3, SE + SC =
π2
2
√
2µ− α˜ + 2q
(
2µ+ 5α˜− q
)
,
(3.9)
and the area product [18] and area sum
AEAC = 64π
2Q3, AE + AC = 2π
2
√
2µ− α˜ + 2q(2µ− α˜− q). (3.10)
The existence of black hole horizons leads to
µ ≥ q + α˜
2
. (3.11)
Focus on the area bound of horizons, we get
AE ≥
√
AEAC = 9π Q
√
Q, AC ≤
√
AEAC = 9πQ
√
Q
The area sum gives
π2
√
2µ− α˜ + 2q(2µ− α˜− q) = AE + AC
2
≤ AE ≤ AE + AC = 2π2
√
2µ− α˜ + 2q(2µ− α˜− q),
AC ≤ AE + AC
2
= π2
√
2µ− α˜+ 2q(2µ− α˜− q).
Consider the above bound and the existence of black hole horizons together, we obtain the
area bound of event horizon and Cauchy horizon
AE ∈
[
π2, 2π2
]
×
√
2µ− α˜+ 2q(2µ− α˜− q), AC ∈
[
0, 9πQ
√
Q
]
. (3.12)
One can also obtain the entropy bound as well, which is complicated and does not shown
here.
On the other hand, consider the first derivative of entropy product and sum Eq.(3.9)
and make a little calculation which is similar as that in the above section, one can find
the first law of thermodynamics for event horizon and Cauchy horizon of Gauss-Bonnet
charged flat black hole
dM = + TEdSE + ΦEdQ+ΘEdα˜, (3.13)
dM = −TCdSC + ΦCdQ +ΘCdα˜. (3.14)
Note that here we have treated the Gauss-Bonnet coupling constant as a thermodynamical
variable (see, e.g. [35–38, 43, 44]). Accordingly, the thermodynamic potential conjugate to
α˜ is defined to be
ΘE =
(
∂M
∂α˜
)
SE ,Q
=
3π
8
(
1− 8πα˜rETE
)
, (3.15)
ΘC =
(
∂M
∂α˜
)
SC ,Q
=
3π
8
(
1 + 8πα˜rCTC
)
. (3.16)
Besides, the Smarr relation for horizons can be found by scaling arguments. The mass
can be viewed as a homogeneous function of the thermodynamical variables Si and α˜, i.e.
M = M(Si, α˜). From the horizon function Eq.(3.1), one can find that mass M scales as
[length]2, electric charge Q scales as [length]2 and α˜ scales as [length]2. The area entropy
Eq.(3.7) shows that Si scales as [length]
3. Then after a rescaling of the thermodynamical
variables, we can get λ2M = M(λ3Si, λ
2Q, λ2α˜). Taking the first derivative with respect
to λ and then setting λ = 1, we get the Smarr relation for the event horizon
M = +
3
2
TESE + ΦEQ+ΘEα˜, (3.17)
Note we choose the positive temperature Eq.(3.4), other than the origin negative (opposite)
one, thus the Smarr relation for the Cauchy horizon is
M = −3
2
TCSC + ΦCQ+ΘC α˜. (3.18)
Finally, we obtain the first law of thermodynamics Eq.(3.13, 3.14) and Smarr relation
Eq.(3.17, 3.18) for the event horizon and the Cauchy horizon of Gauss-Bonnet charged flat
black hole, which is consistence with that in [18].
4 Conclusions
In this paper, based on the entropy relations, we obtain the thermodynamic bound of
entropy and areafor horizons of Schwarzschild-dS black hole, including the event horizon,
Cauchy horizon and negative horizon, which are all geometrical bound and made up of the
cosmological radius. Consider the first derivative of entropy relations together, we get the
first law of thermodynamics for all horizons. We also obtain the Smarr relation of horizons
by using the scaling discussion. For thermodynamics of all horizons, the cosmological con-
stant is treated as a thermodynamical variable. Especially for thermodynamics of negative
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horizon, it is also defined well in the negative side (r < 0). The validity of this formula
seems to work well for three-horizons black holes; for example, four dimensional uncharged
black hole in f(R) gravity [18], four dimensional charged static black holes in Einstein-Weyl
theory [3] and five dimensional charged (A)dS black holes in the Gauss-Bonnet gravity [18].
We also generalize the discussion to thermodynamics for event horizon and Cauchy horizon
of Gauss-Bonnet charged flat black holes, as the Gauss-Bonnet coupling constant is also
considered as thermodynamical variable. These give further clue on the crucial role that the
entropy relations of multi-horizons play in black hole thermodynamics and understanding
the entropy at the microscopic level.
For future work, one can believe that the validity of this formula holds for general
Lovelock gravity hence more coupling constant entering in the laws of black hole thermo-
dynamics. Besides, as the thermodynamics of the negative horizon is introduced, one may
also expect to construct the holographic description of thermodynamics for black holes with
three-horizons, while the holographic description of thermodynamics for black holes with
two-horizons are well built by the thermodynamic method of black hole/CFT (BH/CFT)
correspondence [7, 25–30].
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